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1. Introduction

Prediction intervals, used in many practical applications, are statistical intervals that contain, with a specific
probability, future realizations of a random variable from a distribution of interest. Hahn and Meeker (1991) provided a
summary of methods for constructing statistical intervals, which include prediction intervals, for the normal, binomial,
and Poisson distributions. Prediction intervals for the gamma distribution were considered by Hamada et al. (2004),
Bhaumik and Gibbons (2006), and Krishnamoorthy et al. (2008). For applications involving the Weibull distribution,
prediction intervals based on censored and uncensored data were proposed by Escobar and Meeker (1999), Nelson (2000),
Nordman and Meeker (2002), and Krishnamoorthy et al. (2009).

Methods for constructing prediction intervals described in the literature include the pivotal-based method for the
normal distribution, the approximate pivotal-based method for the gamma, and the simulation-based method for the
Weibull. Lawless and Fredette (2005) described a general method, called pivotal method, that can be used to construct
predictions intervals for a wide variety of problems. Let X and Y be random variables, representing the current and future
data, from a distribution indexed by a parameter 6. Their approach is based on the random variable

U=F(Y), )

where Fy(-) is the distribution function of X (and Y) and é:@(X) is the maximum likelihood estimator of 0. Prediction
intervals for Y are obtained from the distribution function of U, Gy(u), which may or may not depend on 6. If Gy(u) is free of
0, i.e., U is a pivotal, the resulting prediction intervals are “exact”. If Gy(u) depends on 0, prediction intervals are obtained
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from an approximate distribution such as G (). In many applications, G(u) is intractable and needs to be approximated by
simulation. Lawless and Fredette (2005) also showed that their predictive distributions are optimal in certain settings and
illustrated the procedure with several examples.

In this paper we propose an alternative procedure for constructing prediction intervals for a variety of distributions. The
procedure is based on the fiducial method described by Hannig et al. (2006) and Hannig (2009a). The fiducial-based
methods have been used in other inference problems where classical methods do not lead to satisfactory procedures, for
example, see Iyer et al. (2004) and E et al. (2008). Recent research results (Hannig et al., 2006; Hannig, 2009a) and many
simulation studies show that fiducial inference is a valid statistical method with good operating characteristics.

The proposed fiducial method is similar to the pivotal method of Lawless and Fredette (2005) in the case of
independently and identically distributed (iid) data. In many problems, fiducial prediction intervals can be obtained from
the distribution function of

U™ =Fg,(Y), @)

where Ry is a function of observed data and random variables whose distributions are completely known and free of 0.
Notice that the similarity between (1) and (2). We use an exponential-distribution example in Section 3 to illustrate this
similarity.

The rest of the paper is organized as follows. In the next section we describe the procedure for constructing prediction
intervals based on the fiducial inference approach. We show that under regularity conditions, fiducial prediction intervals have
asymptotically correct frequentist coverage. In Section 3 we use several examples, including the normal, binomial, exponential,
gamma, and Weibull distributions, as well as a simple linear regression, to illustrate the proposed procedure. For the Weibull
distribution, we consider only uncensored data in this paper. Summary remarks are provided in the final section.

2. The fiducial approach

In this section we describe a general procedure for constructing prediction intervals for future observations from a
population of arbitrary distribution. The procedure we propose is based on the fiducial method described by Hannig et al.
(2006) and Hannig (2009a).

We use a simple example throughout this section to illustrate the idea and procedure. Let X; and X, be a random
sample from N(g,1). Suppose, based on these two measurements, we desire a prediction interval on the mean of three
future observations from the same population. Let Y;, i=1,2,3, be the random variables denoting the three future
observations from N(x,1). We represent the current and future data with the following models:

X1=u+Eq, 3)

Xy, =u+E, “4)
and

Yi=u+E, i=1,2,3, ®)

where E;, E,, and E; are independent N(0, 1) random errors.
The original fiducial recipe described in Hannig (2009a) is as follows. Let X € R" be a random vector with a distribution
indexed by a parameter ¢ € Z. Assume that the data generating mechanism for X is expressed as

X=G(EU), ©6)

where G is a jointly measurable function and U is a random variable or vector with a completely known distribution
independent of any parameters. Eq. (6) is termed the structural equation. For the above example, Egs. (3) and (4) are the
structural equations.

We define for any observed value x € R" a set-valued function

Qu)={<: G(Eu)=x}. )

Assume that Q(x,u) is a measurable function of u. The function Q(x,u) is an inverse image of the function G.

Let us now assume that a data set was generated using (6) and it has been observed that the sample value is x. Clearly,
the values of ¢ and u used to generate the observed data will satisfy G(¢,u) € R". This leads to the following definition of a
generalized fiducial distribution for &:

QU {Qx,U")#0}, ®)

where U* is an independent copy of U.

There are two possible issues with (8). First, Eq. (7) might not be a singleton, in which case we propose to randomly
select one of the elements of Q(x,u). Second, for many examples Pr[Q(x, U*)+#0] = 0. In this case, Hannig (2009a) proposes a
way of interpreting the conditional distribution (8) that has been theoretically justified by Hannig (2009b).

For the above example, a fiducial distribution for p is the distribution of x; —E; conditional on E;—E, = x;—x,, which is
N(x,1/2), where x; and x, are the realized values of X; and X,, and X = (x; +x2)/2. This is obtained by solving for y in (3)
(inverse image), replacing X; in the solution with x;, and plugging the solution into (4) for conditioning.
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The problem of prediction can be easily incorporated into this scenario by modifying the structural equation (6). Let us assume
that X = (X°, XP), where X° is observed and X? is unobserved and needs to be predicted. The structural equation (6) for X is

(X°, XP)=(G°(&,U), GP(&,U)). 9)
Notice that the left-hand side of (9) has both observed values X° and an unobserved quantity X? that will be treated together

with & as the unknown parameters. Again U is a random variable with a fully known distribution independent of any parameters.
Following the generalized fiducial recipe above, the inverse image (7) becomes

QA°,u) = {(*",8) : G°(Cu) =&°, CP(&u) =*P)
and the joint fiducial distribution on the parameters and the predicted values is given by

Q@°, U)|[{Q@°,U")#0). (10
Define

QP (x°,u) = {xP : G°(£,u) =X°, GP(&,u) =XP for some &}
and Q°(x°,u) = {¢ : G°(&,u) = x°}. Notice that {u: Q(x°,u)#0} = {u: Q°(x°,u)#0} and therefore the condition in (10) is the

same as in the definition of the usual generalized fiducial distribution (8) ignoring the prediction part of the problem. The
predictive fiducial distribution of X? is obtained by marginalizing (10) as

QP@°, U)[{Q°x°, U*)#0). (11
If additionally, as in the case of iid data, the structural equation (9) factorizes to
X°=G°(&,U°% and XP =GP(EUP), (12)

where U° and UP are independent, then this recipe is equivalent to first deriving a generalized fiducial distribution from the
observed data

Q°(*°, U*H[{Q°(*°,U*") #0) (13)

and then plugging it into the prediction part of the equation. In particular, denote a random variable having the same
distribution as the fiducial distribution of £ by &. We call ¢ a fiducial quantity of £. Then the predictive fiducial distribution
(11) in this situation simplifies to the distribution of

XP =GP, UP),

where UP* is a copy of UP independent of &. A simple algebra shows that in this case the density of the predictive
distribution becomes

/:f(xp |&)rE|x°) dé,

where f(xP|&) is the density of the predicted data and r(£|x°) is the fiducial density of (13).
For the above example, let ji be the fiducial quantity, that is, fi ~ N(X, 1/2). The predictive distribution (11) is then the
distribution of

Yi=Q+E;. (14)
That is, Y; is obtained from (5) by replacing u with its fiducial quantity ji. Prediction limits for Y; are obtained from the

distribution of ¥;. Specifically, a fiducial quantity for Y, the mean of Y;, Y, and Y3, is obtained as

=  Yi+Y,+4Y3 . E+E;+E;
Y3:1 32 3:'u+] 32 3.

Since jt ~N(x, 1/2), ?3 is normally distributed with mean X and variance 5/6. A 95% two-sided prediction interval to
contain the mean of the three future observations is then given by
(x—1.96./5/6, x+1.96/5/6). (16)

This is exactly the prediction interval one would get using the frequentist approach.

In this simple example we were able to determine the prediction interval in (16) analytically. In many problems the
exact form of (11) cannot be obtained in closed form. In such cases, we will use Monte Carlo techniques to generate a
sample having the fiducial predictive distribution. The main idea is to first generate a random sample of Uj, ...,U;, from
the conditional distribution of

U [{Q°(x°, U")#0)}.
Then the random variables
XP=GPQ°=x°.U;), U;), i=1,2,....m

15)

are a random sample from the predictive fiducial distribution of (11). Appropriate quantiles from this empirical
distribution can be used to compute prediction limits.
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2.1. Theoretical result

Theoretical properties of generalized fiducial inference for iid data has been studied in Hannig et al. (2006) and Hannig
(2009a,b). They prove that, under regularity conditions, confidence intervals based on the generalized fiducial distribution
(13) have asymptotically correct coverage. In particular, they prove a theorem similar to the Bernstein-von Mises theorem
for Bayesian posteriors, i.e., if &, is the parameter used to generate X° and R; is random with the distribution given by (13),

then there is a random variable T(X°, &) such that /n(R:—T(X°, éo))LN(O,Z) and /n(T(X°, éo)—éo)LN(O,Z) as the

number of observed values n— ococ. This in particular means that the generalized fiducial distribution is consistent, R;— &.
We now show that if the generalized fiducial distribution is consistent, then the generalized fiducial predictive
distribution leads to prediction sets that have asymptotically correct coverage.

Theorem 1. Let us assume that the structural equation factorizes as in (12) with GP(&,UP) continuous in & at &, for all UP and
such that the distribution of GP(&y, UP) is continuous. Further assume that the generalized fiducial distribution (13) is consistent.
Finally, assume that the prediction sets C(x°) for future data are based on the fiducial predictive distribution (11) and have a
shape satisfying the Assumption 3 of Theorem 1 of Hannig (2009a), such as the equal tailed region or one sided interval. Then the
prediction set has asymptotically correct frequentist coverage.

Proof. Let R: be a random variable with the distribution given by (13). By assumption Ri—P>éo. Because of the
independence of UP and U° in (12) we see that the predictive fiducial distribution (11) is equal to the distribution of
GP(Rs, UP™), where UP* is an independent copy of UP and is independent of R:. By continuity

CP(R:,UP*)—> GP (&g, UPH).
The proof now follows similar arguments as in the proof of Theorem 1 in Hannig (2009a). O

We use several examples to illustrate this procedure.
3. Examples
3.1. One-sample normal distribution

In the first example, we consider a one-sided fiducial prediction interval to contain at least p out of m future
observations based on a random sample of size n from a normal distribution N(u,0?). A fiducial quantity for (¢,0%) can be
derived from the structural equations based on the minimal sufficient statistics of the model, and is given by

Ryon®.s%) = (x—sZV /\/nV/(n—1), (n-1)s*/V),

where X and s are the observed sample mean and standard deviation of the random sample; Z¥ ~ N(0,1); and V ~ x2_; and
is independent of Z(V. Let Y; be the ith future observation. Then the data-generating mechanism is given by

Yi=pu+oZ?, i=1,....m, a7

where Z‘iz) are iid N(0, 1) random variable and independent of Z"). Substituting (u,02) with R(#,gz)()?,sz) into (17), we obtain
a fiducial prediction quantity for Y; as

Yi=x-szV/\/nV/(n—1)+sZ? //V/(n-1). (18)

Let Y5 be the sth order statistic of {Yy, ...,Yn}. Then the event that at least p out of m future observations will exceed L is
equivalent to the event that Y, 1) > L. The fiducial prediction quantity for Y p41y is Yn_p1), where Y5 is the sth
order statistic of {Y1),...,Ym). Thus, a 1—o lower prediction limit L on Y,_p 1 is the o quantile of the distribution of
Y m_p+1)- Since the ordering among

Yi—x)/s=-zV//nV/n-1)+2?//V/n-1), i=1,....m

is identical to the ordering among Y;,i=1, ...,m, the « quantile of the distribution of ?(m,pﬂ) is given by x—rs, where r is the o
quantile of the distribution of the (m—p+ 1)th order statistic of Zﬁz) /\V/ n—-1)-z1/ /nV/(n—1), which can be obtained easily
by simulation. For example, the following R code will calculate the value of r based on nrun Monte Carlo samples:

z1 < —rnorm(nrun)/sqrt(n)

V < —sqgrt(rchisg(nrun,n—1)/(n—1))

z2i < —matrix(rnorm(minrun)byrow = T,ncol =m)

xij < —apply((z2i—z1)/v,1,function(x, g)sort(x)[gl,m—p+1)
quantile(xij,alpha)

Values of r so obtained are identical to the factors calculated and tabulated by Fertig and Mann (1977), using numerical
procedures. Similarly, the two-sided symmetric fiducial prediction intervals can be constructed by use of the 1—a quantile
of the distribution of the appropriate order statistic of the absolute value of ZEZ)/«/V/(n—])—Z‘”/«/nV/(n—l). These
quantiles are identical to the factors calculated and tabulated by Odeh (1990).
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3.2. Binomial distribution

Let X be a random variable representing the number of “successes” in n repeated independent Bernoulli trials when p is
the probability of success at each trial. If we define the value of the random variable to be 1 if a trial results in success, and
0 otherwise, then we have the following structural equation:

n
X= Z lio,p1(Uy),
i=1
where I4(-) is the indicator function and U;, i=1,...,n, are independent uniform(0, 1) random variables. Following Hannig
(2009a), a fiducial quantity for p is given by
P =Ux+Uxs1~Ugx)D, (19)
where U, is the sth order statistic of {Uq,...,Us}, and D is a uniform(0,1) random variable and independent of

U, i=1,...,n. Let Y be the number of successes in a future random sample of size m from the same population. Then we can
write

3

Y= lonUi), (20)

i=

—_

where U;, i=1,...,m, are independent uniform(0, 1) random variables. Substituting p in (20) with p of (19), we obtain a
fiducial prediction quantity for Y as

m
Y= lonU;).
i=1
Prediction limits on Y can be obtained from the appropriate quantiles of the distribution of Y.

We use an example from Hahn and Meeker (1991) to illustrate the above procedure. In a test of 1000 randomly selected
integrated circuits,20 nonconforming units were found. An upper 95% prediction bound for the number of nonconforming
units in a future lot of 1000 units,which are randomly sampled from the same production process,is desired. This upper
bound is found to be 31,calculated by use of the following R code based on 50 000 Monte Carlo samples:

n<-—1000 # current sample sizes

x < —20 # observed nonconforming units

m<—1000 # future sample sizes

nrun < —50 000 # Monte Carlo samples

matl < —matrix(runif(nknrun), ncol =n)

mat2 < —apply(matl,1,sort)

uvec < —runif(nrun)

fap < —mat2[x,]+uveck(mat2[(x+1),]-mat2[x,]) # FQ for p
Y<—1:nrun

for (iin (1 : nrun))

Y[i] < —sum(runif(m) < fq.p[i]) # realizations from ¥

quantile(Y,0.95) # 95% upper bound

For comparison, Hahn and Meeker (1991) calculated the upper prediction limit to be 32, based on a hypergeometric-
distribution approach.

3.3. Simple linear regression

Suppose
Y; :[f0+[flxi+Ei, i=1,...,n,
where f5, and f3; are respectively the intercept and the slope of the straight line model relating Y; to x; and E; are
independently normally distributed random errors with mean 0 and unknown variance ¢2. Based on these n pairs of data,

a prediction interval to contain the mean of m future values of Y at x =X, is derived by use of the fiducial approach.
The parameters of the model are f3y, 8, and a. Let B=(By B;)" denote the least-squares estimator of = (8, f8;)". Then

B~ N(B, a°V), 21
where

-1
V- n i1 _ 1 Yioix =Xl
Yioaxi XX Dy \ =221 % n

and Dy=n3Y"}_;x?—(3_ x)*. From (21) we can write
B=B+0T®, (22)
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where ® is a bivariate standard normal random variable, and T is the Cholesky factor of V; that is, TT* = V and is given by

1 \ Yioax/n 0

T - v n n \2 n
VI 0t \ XS/ i R S R
Also, let
2 _ > 1(Yi—Bo—Bix))?
n-2
then S? is independent of B and
n—2)s?
) 23)

[

Egs. (22) and (23) are the structural equations that relate the observable random variables B and $? to the model
parameters B, o, and the error processes T® and V, whose distributions are fully known. By solving # and ¢ from these two
equations (no conditioning is needed), we obtain the fiducial quantities for ¢ and f as

~ S
V=Y
B=b—G6T®, (24)

where s and b= (bg by)" are observed values of S and B. The mean of m future values of Y at x =Xxg is given by
Y= Bo+Bixo+Ep, (25)
where E;,, ~ N(0,62/m) and is independent of ®. Replacing ¢ and B in (25) with their fiducial quantities & and B, we obtain

the fiducial prediction quantity for Y, as

= S 1
Y  =bg+bixg— ————|(t11 +121X0)Z1 +t22X0Zy— ——=Z3 |,
m = Dbo+Db1xo Viin—2) (t11 +t21X0)Z1 +taaXoZo N

where Z;, Z,, and Z; are mutually independent standard normal random variables (® = (Z; Z,)"' and E,,, = 6Z3/+/m), and t;;
are the (i,j)th elements of T. Routine calculation shows that (t11 +t21X0)Z1 +t22X0Z>—Z3/+/m is distributed as normal with
mean 0 and variance

1 1 (Xo—X)?
“mtan Tt w7
Do 1(xi—X)

Thus, we can write

52

?;n =bg+b1x9—035Ty_3,

where T,_, is distributed as t distribution with n—2 degrees of freedom. A 1—o two-sided prediction interval on Y, is
obtained from

Pl <Y, <Ul=1-a,

which produces (L,U)=bo+biXo & t1_y/2n-20s. This prediction interval is identical to the one derived by use of the
frequentist approach, for example, see Draper and Smith (1981).

3.4. Exponential distribution

Let X;, i=1,...,n, be a random sample from the exponential distribution, exponential(Z), with density function
f0 =6 g0y, 1>0.
This example is also used by Lawless and Fredette (2005). Let gamma(c,4) denote the gamma distribution with density function
» a—1,—7x 1
fx)= mx e 0,00(X), >0, 2>0.

It is known that >°'_, X; is distributed as gamma(n, /). Furthermore, 4 3"F_, X; is distributed as gamma(n,1). Let F,(-) be the
distribution function of gamma(n,1). Since

n
U=F, ()L > Xi> ~ uniform(0, 1)

i=1
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we have the following structural equation:
Z X = Fy (U)
i=1
for the model. As a consequence, a fiducial quantity for A is given by
= F U
A= _=n . (26)
Yok
Let Y;, i=1,...,m, be the future observations from, and G,(-) be the distribution of, exponential(4). Since
U; = G,(Y;) = 1—e i ~ uniform(0, 1)

we can write
—log(1-U;)

Y= ;) (27)

Substituting A in (27) with /1 of (26), we obtain a fiducial prediction quantity for Y; as
~ —log(l U <&

Yi= 3
F,'U) ,;
Prediction limits on functions of Y; can be obtained from the appropriate quantiles of the corresponding distribution of functions
of Y,’.
It is easily seen that the distribution of Y; is identical to the distribution of G;(Yy) as indicated in (2). Also, for the case of
a single future observation, i.e., m=1, the distribution function of Y is given by

Pr[Y<y]:Pr{_log(l_w)<g;}

F,'(U)
Since
—log1-U*) W lF
71‘_;1([]) =y = plam

where W ~ exponential(1), V ~ gamma(n,1) and are independent, and F; », is distributed as an F with degrees of freedom 2
and 2n (Lawless and Fredette, 2005), we have

PrY <y]= /OW (1+%>7(n+l)dz: 1_(1+%)7",

which is identical to the distribution derived based on the pivotal method.

Although the closed-form expression of the predictive distribution is available in this example, it is easier, however, to
obtain the desired prediction limits by simulation in practice. For example, an upper 95% prediction limit for a single future
observation (m=1) when n=30 and X = 1 can be calculated by use of the following R code based on 500 000 Monte Carlo
samples:

n<—30 # current sample sizes

xbar < —1 # observed mean

nrun < —500 000 # Monte Carlo samples

Ul < —runif(nrun)

lambda < —ggamma(Ul,n)/(nkxbar) # FQ for lambda
U2 < —runi f(nrun)

Y < ——1log(1—U2)/lambda

quantile(Y,0.95) #95% upper bound

3.5. Gamma distribution

Let X;, i=1,...,n, be a random sample from gamma(o,4). Let F, ;(-) be the distribution function of gamma(x, ). Simple
calculation shows that

U; =F, ;(Xi) = Fy,1(AX;) ~ uniform(0, 1).
Denote the inverse distribution function B(U;, o,/) =FO;}(Ui). Thus, we have the following structural equations:

X;=BWU;, o,A), i=1,....n (28)
for the model. A fiducial distribution of («,4) can be obtained based on these equations.

In this model, a closed-form fiducial quantity for (2,4) is not available. Thus, fiducial prediction quantities for this model
must be based on realizations generated from the fiducial distribution of (o,4). As an example, a fiducial prediction
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quantity for a future observation Y from gamma(e,4) can be derived from
Y =BU", &,7),

where (&,1) is a realization from the fiducial distribution of (&,2), and U* ~ uniform(0, 1). The distribution of ¥ can be
estimated from a large number of realizations by simulation. The key requirement here is the ability to generate
realizations from the fiducial distribution of (x,4).

To this end, Hannig (2009b) derives the density of the fiducial distribution for an iid sample from an absolutely
continuous distribution having a distribution function Fy(x) and density f4(x), where 8 = (01, ...,0,) is p-dimensional. If the
structural equations are formed using the inverse distribution function, then the fiducial density of 6 is proportional to

L(0|x)J(x,0),
where L(0|x) = []{_, fo(x;) is the likelihood

|det(VgFo(x;,), - .., VoFo(x;))|
0)= .
Jwh= 2 T R T,

and det(VgFy(x;)), ..., VoFq(x;,)) is the determinant of the p x p matrix of gradients of Fy(x;), j=1,...,p, computed with
respect to 6. In the present case of structural equation (28), the likelihood is

A" exp(—AN T xi+(@—1)3F_ logx;)
)"

Lo, A

X)=
and the Jacobian term is

0 0
_Fat,l()~xi) —F%1()vXj)

d oo oo
et 2 P 5 5
—Fu10x) =Fy10x;) o . OF  Ox: ‘
Jain= 3 A7 A WIS N el |
1<i<j<n jvzx(xixj)%_lei;'(xﬁx")/r(o‘)z 1<i<j<n ! (Ax;) e~ (2x))"e="% ‘

Thus the fiducial distribution of (¢,4) has a density proportional to

n n 0 0 .
o1 e—iZ(_j]x,»Jr(oc—])Ei:l log x; F(oc+l)%l:a'1(/lx,~) F(O(—I—])EF%](AX]‘)

XiX;
n 1Y o, P ( —]
ol (o) 1 <n (Ax;p)* e (Ax;) e~

(29)

We use an example in Hamada et al. (2004) to illustrate the proposed fiducial procedure. In the example, the first
breakdown times (in hours) of 20 machines were recorded. Assuming breakdown times are distributed as gammag(a, 1), a
90% one-sided (lower-limit) prediction interval to contain the fifth breakdown time of five similar machines that are to be
used simultaneously is desired. Let Y;, i=1,2,...,5, be the breakdown times of five future machines, we are interested in
constructing a lower-limit prediction interval for Y, where Y4 < --- <Y5. We use simulation to estimate the
distribution of Y s), the fiducial prediction quantity for Ys). A single realization of Y5, may be generated as follows:

1. Obtain a realization (&, /) from the fiducial distribution of (o, 2). 3
2. Generate five independent uniform (0, 1) random deviates uy, ...,us and calculate y; =B(u;, &, 4),i=1,...,5.
3. Calculate the maximum, ys), of yy,....ys.

To simulate (&, 1) from density (29), we implement an importance sampling algorithm. The algorithm produces a
weighted sample from (29) and consequently a weighted sample from the predictive distribution of ys,. The details are
given in Appendix. Based on a weighted sampling algorithm with effective sample size 9.644 x 10°, the 0.1 quantile of
these realizations is found to be 74.36 (hours), which is the desired prediction lower limit on the fifth breakdown time. For
comparison, Hamada et al. (2004) determined the lower prediction limit to be 71.8 (hours) based on a Bayesian approach.
Notice that because we are computing the lower prediction limit, higher values are more desirable.

To evaluate the true frequentist prediction probability of the proposed procedure, we used the MLE estimates of
®=0.8763,.=0.0110 to generate 10 000 data sets. Based on these data sets we have computed the empirical coverage
probability associated with the prediction limits using the proposed procedure. The estimated prediction probability of the
nominal 10% prediction interval was estimated as 10.11% indicating acceptable coverage. Additionally, we performed a
small scale simulation study. In this study we considered Gamma distribution with the scale parameter /=1 and the
shape parameter «=0.5, 1, 10, 100 and sample sizes n=5, 25, 125. For each of these parameter combinations we
simulated 10 000 data sets and found the upper and lower predictive interval for one future observation and the fifth
largest future observation. The estimated coverage probabilities of 95% prediction interval were all between 94.71% and
95.69%; the estimated coverage probabilities of 5% prediction interval were all between 4.73% and 5.31% indicating
coverage within expected simulation error of the stated value.
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3.6. Weibull distribution

Let X;, i=1,...,n, be a random sample from the Weibull distribution, weibull(«, ), with density function
f) = apox)fe= 14 %), >0, f>0.
Using the distribution function we get
Ui = Fy p(X;) = 1—e~ ' (30)
is a uniform(0, 1) random variable. From (30) we have the following structural equations:

— —_umni/p
x,»=B(U,»,a,ﬁ)=(1“g(#, i=1,...n 31
for the model. A fiducial distribution of (c,f5) can be obtained based on these equations.
Applying the same method that was used for deriving a fiducial distribution of (¢, A) in the gamma-distribution case, we

obtain the likelihood

n n
=g [T e S

i=1

Lo

and the Jacobian

Z x;x;| log x;—log x;|
afs ’

Consequently, the density of the fiducial distribution of (e,f) is proportional to

n n
a1t T Yo i (32)

i=1

J.B.%) =

1<i<j<n

We point out that in this case the fiducial distribution is the same as a Bayesian posterior computed using the reference
prior ()" of Berger et al. (2009). Prediction intervals for the Weibull distribution can be constructed from realizations of
the fiducial distribution of («,f) in the same way as described in the gamma-distribution case.

We use an example in Krishnamoorthy et al. (2009) to illustrate the proposed fiducial procedure. In the example, the
vinyl chloride concentration collected from 34 clean upgradient monitoring wells. As argued by Krishnamoorthy et al.
(2009), Weibull distribution fits the data well. We computed the 95% one-sided (upper-limit) prediction interval for at
least | of m observations at each of r locations; i.e, let Yj;,i=1,...,r, j=1,...,m, be the future m observations at r locations,
we are interested in constructing a upper-limit prediction interval for Y =max;_1,__, Yiq, where Y;q) < .-+ <Y, for
eachi=1,...,r.

We use simulation to estimate the distribution of Y, the fiducial prediction quantity for Y. A single realization of ¥ may
be generated as follows:

1. Obtain a realization (&, ) from the fiducial distribution of (a, ). 3
2. Generate r x m independent uniform (0, 1) random variables u; and calculate y; = B(u;;, &,5), i=1,...,r,j=1,...,m.

3. Calculate y =max;_1,..; Yiq-

Using an importance sampling algorithm with effective sample size of 9.774 x 10’ we took the 0.95 quantile of the
sampled values of y. The computed values for r,m,l combinations taken from Krishnamoorthy et al. (2009) are summarized
in Table 1; recall that smaller values are desirable for upper-limit prediction bounds. The computed values are compared
to the values obtained by Krishnamoorthy et al. (2009) using a different generalized variable approach. Notice that the
prediction bounds computed using the proposed method are all smaller than the prediction bounds of Krishnamoorthy
et al. (2009).

To check the true frequentist coverage probability of the proposed procedure, we used the MLE estimates of
o =0.52968, =1.01022 to generate 10 000 data sets. Based on this we have computed the empirical coverage probability
associated with the prediction limits using the proposed procedure for the various r, m, and I values. The estimated

Table 1
95% Upper prediction limits for vinyl chloride data.

r m 1 Fiducial Krishnamoorthy et al. (2009)
1 2 1 2.962 2.974

10 2 1 5.480 5.483

10 3 1 3.595 3.618

10 3 2 6.784 6.797
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coverage probability of the 95% prediction interval ranged from 0.9502 to 0.9506 indicating excellent coverage.
Additionally, we perform a small scale simulation study. In this study we considered Weibull distribution with the scale
parameter o =1 and the shape parameter f=0.1, 0.2, 0.5, 1, 2, 5, 10 and sample sizes n=5, 25, 125. For each of these
parameter combinations we simulated 10 000 data sets and found the predictive interval for the various r,m,l values from
Krishnamoorthy et al. (2009). The estimated coverage probabilities of 95% prediction interval were all between 94.72% and
95.17% indicating coverage within expected simulation error of the stated value.

4. Concluding remarks

In this paper we have provided an approach for constructing prediction intervals for any model where a fiducial
distribution of the parameters is available. Since a fiducial recipe is available for arbitrary statistical models (Hannig,
2009a), the proposed method provides a general approach for constructing prediction intervals. These fiducial prediction
intervals coincide with the exact pivotal-based intervals, when they exist, and possess good statistical properties,
otherwise.

This paper did not deal with prediction intervals for censored data. Censored data can be viewed as a special case of
discretely observed data. Hannig et al. (2007) presented a fiducial inference on the parameters of discretely observed
normal data. Hannig (2009b) studied asymptotic properties of fiducial inference for discretely observed data. Fiducial
prediction intervals based on censored failure or life data are currently under investigation and will be reported in a future
communication.

Appendix A
A.1. An importance sampling algorithm for fiducial distribution for gamma parameters

Let flx) be a density. Importance sampling is a standard Monte Carlo computational procedure for approximating
quantities of the type I= [ h(x)f(x) dx (Robert and Casella, 2004). To approximate the quantity I, we generate a sample
X1,...,Xm from an instrumental density g(x). Each of the observation is then associated with an unscaled weight
w; =f(X;)/g(X;). This gives us a weighted sample generated from the density f(x) and allows us to estimate

I~ S wih(X;)
Sim i wi

By strong law of large numbers the approximation converges to the quantity of interest, provided that the support of f is
included in the support of g.

In this paper we will be interested in computing o quantiles of distributions. This can be done by inverting the
approximation

- - SIL Wil <q
o ./wof(x)dx ST W
In particular, let Xy < --- <X be the ordered sample with the corresponding weights w), ...,Wum). Here wy’s are
ordered to match the ordering of Xg's and are not necessarily increasing. Let j be so that >Y_ ,wg<a
S we < ST wy and estimate a ~ X,

The quality of the approximations depends on the choice of the instrumental distribution g(x), and consequently the
distribution of the weights w. For example, if the sample contains a small number of very large values, importance sampler
is effectively using only a small number of observations to compute its estimator leading to large variance. For this reason,
it is recommended to select g(x) so that the center of g is roughly in the same place as the center of f but the tails of g are
heavier than the tails of f. To measure the effective sample size (ESS) of the weighted sample, Kong et al. (1994) propose
using

o w)?
ESS= &= =~ .
S w?

To sample from the fiducial distribution (29) we need to find a good instrumental distribution g(«,2). We chose to use
the following instrumental distribution. Denote the MLE of o by &, c=nlog(n™' 327_; x;)— >°F_; log x;, and the density
function of gamma(o,2) by f, ;(x). Let

g(a)= 0~5fn73,(n73)/5c (“)+0-5f&c,c(“)-

This is a mixture of gamma distributions chosen so that its mean is at the maximum likelihood estimator and the tails are
heavier than the tails of the fiducial distribution. Then let

gl =Fp, 54
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So the instrumental distribution is given by
80, 2) = g(0) g(4]00)
and the weight is computed as

Jnrmay ([T )™

w(o, L) = ‘ ,
al (@) (-1 %) " g(@)
where
0 0
_ M@+ 1D FaGx) Tt 1) Fan (i)
Jen= 1 sgg nXlxj‘ (Ax;)"e= B (Axj) e

Finally we remark that the derivative in J(, 1) needs to be computed numerically. To increase numerical stability of the
numerical derivative in the tails we used the following identity:

0
T(o+1)—F,1(Ax) )
o %1 9 I"(oc+1)Fm(),x)7 F(OH_DF""](AX)(t//(ochl)flog(ix))

(Ax)*e—x T o (Ax)%e—# (Ax)*e—x
0 I+ 1)(1—-Fy1(Ax)) = I'(c+1)(1—Fy1(Ax)) )
=" ) + Xy (Y (a+1)—log(ix))

with /(o) is the digamma function. Thus instead of numerically computing oF, 1(/x)/oo, depending on which tail we are in,
we numerically compute

8 I'(0+1)Fy1(4X)

oo (Ax) e~
or

8 I'(a+1)(1-Fy,1(4x))

oo (Ax) e~ ’

which is more stable. The computer code is available from authors open request.
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